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Abstract
When dark matter is a perfect fluid, using the equation of state can get the density profile in the static
and spherically symmetric space-time. If the equation of state is independent of the scaling transformation,
its lower order approximation can naturally lead to a special case, i.e. p = ζρ+2ǫV 2rotρ, where p and ρ are the
the pressure and density, Vrot is the rotation velocity of galaxy, ζ and ǫ are positive constants. Then we use
this equation of state to derive the mass density profiles of dark matter halos. It can obtain a profile which is
similar to the pseudo-isothermal halo model when ǫ is around 0.15. It can perfectly fit the observed rotation
curves of low surface brightness (LSB) galaxies. When ζ = 0, there exits a power law density in the very outer
region which surround a black hole, and its power index is − 1+4ǫ
4ǫ
. The term ζρ can lead to a constant-density
core.
keywords: galaxy: dark matter–galaxy: rotation curves
1 Introduction
The dark matter are a unsolved puzzle in cosmology and
particle physics, and they probably consists of particles
that are weakly interacting. Though many astronomical
observations, like Cosmic Microwave Background, approx-
imately dark matter makes up 23% of today’s Universe.
Cosmological models based on cold dark matter in repro-
ducing the large-scale structure of the Universe is quite
well and get great success [1]. The most popular candi-
date for cold dark matter is the weakly interacting massive
particles (WIMPs), which are particles with negligible self-
interactions, they are stable and collisionless. Their particle
masses estimated are in the range 10 GeV ∼ 1 TeV.
However, a plenty of serious challenges to cold dark mat-
ter model have emerged on the small scale, such as the
scale of individual galaxies and their central core[1]. For
example, in the cold dark matter model, halos can be char-
acterized by a power-law mass density distribution with a
steep power index at the central core, which is is contrary
to observation in small scale, such as the observed rota-
tion curves of low surface brightness (LSB) galaxies, which
are consist of a very small proportion of ordinary baryonic
matter so that their stellar populations make only a relative
small contribution to the observed rotation curves, shows
that a central constant-density dark matter core exits[2].
Making use of cold dark matter model, numerical N-body
simulations can’t reproduce a central constant-density dark
matter core[3]. This phenomenon is called core-cusp prob-
lem.
There exits many other famous model to explain this
core-cusp problem, such as self-interacting dark matter[4]
and warm dark matter model[5, 6]. Two of the most canon-
ical candidates for WDM are the sterile neutrino[7] and the
gravitino[8]. The dark matter particles are usually classified
by their velocity dispersion given in terms of three broad
categories: hot (HDM), warm (WDM) and cold (CDM)
dark matter. In principle HDM is relativistic at all cos-
mological relevant scales. When a particle’s momentum is
equal to or less than its mass (the speed of light are set
equal to 1), it become non-relativistic. The warm dark
matter have bigger velocity than cold dark matter because
of their mass. The typical mass of WDM particle is around
1 KeV. On subgalactic and galactic scales, their non-zero
thermal velocities have a strong suppression effect on the
steep dark matter power spectrum[6].
In this paper, we want to study the equation of state
of dark matter. Because many halo density profiles, like
Navarro-Frenk-White (NFW) profile or pseudo-isothermal
profile, can be used to fit the density profile of the galaxies
from small sizes to large sizes effectively, we can assume that
the equation of state is independent of the scaling transfor-
mation. Base on the nature of warm dark matter, we think
dark matter have a nonzero random motions in the density
core. But when dark matter is a perfect fluid, the observa-
tions show that the velocity of this random motions is far
less than the speed of light. It indicates that dark matter
is a dust-like CDM[9, 10]. Taking into account the prop-
erties of WIMPs, we can assume that random motions of
dark matter are positive correlation to the particle rota-
tional motions. In this simple phenomenological model, we
can see the dark matter halo profile is in agreement with
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the observations.
The outline of this paper is as follows. In Section 2 we
present two special the equation of state of dark matter and
obtain the mass density profiles of dark matter halos. We
obtain a approximate analysis to describe the interactive
effect between dark matter and black hole in subsection
2.1. In subsection 2.2, we study our above phenomenologi-
cal model and compare it with the observations. In Section
3 we present the conclusions in our work.
2 The model
The most general static and spherically symmetric met-
ric takes the following form
ds
2 = eAdt2 − eBdr2 − r2(dθ2 + sin2 θdφ2), (1)
where A and B are function of r. For conventions, the
gravitational constant and the speed of light are set equal
to 1. Using the above metric, the Einstein gravitational
field equation Rµν = −8πTµν can be expressed as follows.
− e−B( 1
r2
− B
′
r
r
) +
1
r2
= 8πT tt ,
− e−B( 1
r2
+
A′r
r
) +
1
r2
= 8πT rr ,
−e−B
2
[A′′rr +
(A′r)
2
2
+
A′r −B′r
r
− A
′
rB
′
r
2
] = 8πT θθ = 8πT
φ
φ .
(2)
Through analyzing the stable circular orbits of a test par-
ticle, the rotation velocity Vrot of a test particle can be
expressed in the form[11, 9],
V
2
rot =
1
2
rA
′
r. (3)
If the pure dark matter is an isotropic perfect fluid,
its energy momentum tensor takes the form T µν =
diag[ρ,−p,−p,−p] for the spherically symmetric case.
Then we have the following equation
N
′
x +
[
F ′x
2(1 + F )
− 2
]
N +
N2
2
+
F ′x − 2F
1 + F
= 0. (4)
where F = e−B − 1, N = A′x and x = ln(r). To solve
this equation, we need the equation of state(EOS). If pres-
sure p is only the function of density ρ, using the following
expression
p
ρ
= − (1 + F )N + F
F + F ′x
, (5)
this lead to N is a function of x, F ′x and F , and mark it as
N = G(x, F, F ′x). If F (r) is a solution and λ is a positive
constant, then F (λr) is also its solution. This assumption
lead to the equation N = G doesn’t obviously contained x.
It is a autonomous equation. But this also lead to pressure
p is proportional to density ρ. To take into account more
possible EOS, we just assume thatN is a function of F ′x and
F . The rotation velocity is far less than the speed of light
so that F is very small. When F and F ′x are very small, we
can use the Taylor expansion of equation G(F, F ′x) to stand
for it. Because the equation (4) can be solved by iteration,
N0 = −F
N1 = −F (1 + 3F
′
x − 5F − F 2
4 + 4F − F ′x
) ≈ −F (1 + 3
4
F
′
x − 5
4
F )
N2 ≈ −F (1− 1
2
F
′
x − 54F +
3
8
F
′′
xx)− 38(F
′
x)
2
...
(6)
taking into account the above approximate iteration form
of variable N , we consider two case of the Taylor expansion
of equation N = G(F, F ′x) to solve the Equation (4) in the
following subsection.
2.1 Case I
Using the first iteration formula N1, we can assume
N = −F + (γF + ǫF ′x)F (7)
where γ and ǫ are constant. This assumption lead to the
following equation of state (EOS)
p ≈ 2ǫV 2rotρ+ γ − ǫ − 1
2π
(
V 2rot
r
)2 (8)
When |F | ≪ 1, and setting M = ln(−F ), the Equation (4)
can be approximated by
2ǫU ′x + (4γ − 4ǫ − 3)U + 4ǫU2 + 5− 4γ = 0, (9)
where U =M ′x. This equation is one kind of Riccati Equa-
tion. It has two following type of solution.
2.1.1 Type I
when (4γ + 4ǫ − 3)2 − 32ǫ > 0, one of the solution is
F = − b
rα˜
√
1 + (
r
r0
)β˜ , (β˜ > 0) (10)
where α˜ = 4γ−4ǫ−3
8ǫ
+ β˜
4
, β˜ =
√
(4γ+4ǫ−3)2−32ǫ
2|ǫ|
, b and the
core radius r0 are positive constant. Then the density ρ is
ρ = − F
8πr2
1− α˜+ β˜( rr0 )β˜
2 + 2( r
r0
)β˜
 (11)
If density is characterized by a power-law distribution ρ ∼
rα, i.e.
α =
F ′x + F
′′
xx
F + F ′x
− 2 (12)
the absolute value of slope α should be higher in the outer
region. Considering the fact that dark matter density ρ
have lower value and its absolute value of slope α is higher
in the outer region, α˜ should be equal to 1. This lead to
γ = 1+ ǫ, then it is easy to see that p is proportional to the
term V 2rotρ, i.e. p ≈ 2ǫV 2rotρ, and the variable N is given by
N = − F
1 + F + ǫF + ǫF ′x
, (13)
Thus, Using Equation (2) can leads to the following equa-
tion
2ǫF ′′xx + F
′
x(1− ǫ+ ǫ− 6ǫ
2F
1 + F
) +
ǫ(F ′x)
2
F
(1 +
1 + 2ǫF ′x
1 + F
)
+ (1− 4ǫ)F − 4ǫ
2F 2
1 + F
= 0,
(14)
and Equation (10) is reduced into the form
F = − b
r
√
1 + (
r
r0
)
8ǫ−1
2ǫ (15)
When the core radius r0 →∞, this solution can become the
vacuum Schwarzschild solution and the parameter b is the
2
Schwarzschild radius in this case. Then the energy density
ρ can be approximated as
ρ =
(8c− 1)b
32ǫπr30
( r
r0
)
2ǫ−1
2ǫ√
1 + ( r
r0
)
8ǫ−1
2ǫ
(16)
This profile is one of the Zhao halos profile [12], which can
acquire both the form of a cusped or a cored profile with
three free parameters (α, β, γ):
ρ =
ρ0
( r
r0
)γ(1 + ( r
r0
)α)
β+γ
α
(17)
When r0 is very large, there exits a transition zone between
density core and outer region when density is characterized
by a power-law distribution ρ ∼ rα for the profile in the
Equation (16). The slope is changing from α = 2ǫ−1
2ǫ
to
α = − 1+4ǫ
4ǫ
. For example, when ǫ = 0.5, the density dis-
tribution is dominated by a central constant-density core,
and is dominated by a outer power-law density distribu-
tion ρ ∼ r−1.5. Because in the outer region dark mat-
ter have lower density, the interaction force of the dark
matter becomes smaller, then variable ǫ may be smaller at
larger radius, we probably get a more steeper outer power-
law density distribution in this more realistic case, like the
pseudo-isothermal profile ρ0
1+(r/r0)2
. Unfortunately, there
exits a serious problem. Because b is the Schwarzschild ra-
dius of black hole, so the mass of dark matter within the
core radius is only
√
2 − 1 times the black hole mass. The
core radius is far less than 1 kilo-parsec (kpc). This is not
consistent with the observation.
To test the approximate analysis in the Equation (15),
we use the odeint Python routine in the SciPy library to
solve the Equation (14). Because the energy density ρ is
not easy to be solved by Equation (2), using Equation (2)
and Equation (14), the energy density ρ can be rewritten
as
ln(8πr2ρ)′x =
F ′′xx + F
′
x
F ′x + F
= − 1
2ǫ
[
1− 4ǫ + ǫF
′
x
F
+
ǫF ′x
F (1 + F )
− 2ǫ
2F ′x
1 + F
+
2ǫ2(F ′x)
2
F (1 + F )
− 4ǫ
2F
1 + F
]
.
(18)
Then using the Equation (18) obtains the density ρ. The
Fig. 1 and Fig. 2 show the comparison results between
the approximate analysis and the numerical solution. It is
obvious to see that their difference is very small.
There exits another solution, which is
F = −brα˜
√
1− ( r
r0
)β˜ , (α˜ > 0, β˜ > 0) (19)
where α˜ = 4ǫ−4γ+3
8ǫ
− β˜
4
, β˜ =
√
(4γ+4ǫ−3)2−32ǫ
2|ǫ|
, b and r0 are
positive constant. Then the density ρ is
ρ = − F
8πr2
1 + α˜− β˜( rr0 )β˜
2− 2( r
r0
)β˜
 (20)
2.1.2 Type II
when (4γ + 4ǫ − 3)2 − 32ǫ < 0, the solution is
F = −brα˜
√
cos
[
β˜ ln(
r
r0
)
]
, (α˜ > 0, β˜ > 0) (21)
where α˜ = 4ǫ−4γ+3
8ǫ
, β˜ =
√
−(4γ+4ǫ−3)2+32ǫ
4ǫ
, b and r0 are
positive constant. Then the density ρ is
ρ = − F
8πr2
1 + α˜+ β˜ tan
[
β˜ ln( r
r0
)
]
2
 (22)
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Figure 1. Comparison results between the approximate
analysis and the numerical solution for F. Top: the result
of − ln(−F ) when ǫ=0.25 and ǫ=0.5. The solid line is for
numerical solution when ǫ=0.25, The dashed line stands
for analysis solution when ǫ=0.25. The dash-dotted line is
for numerical solution when ǫ=0.5. The dotted line is for
analysis solution when ǫ=0.5. Bottom: The relative errors
(| ∆F
Fnum
|=| Fnum−Fapp
Fnum
|) for different ǫ. Fnum is the nu-
merical solution. Fapp is the the approximate analysis.The
solid line correspond to ǫ=0.25, the dashed line is for ǫ=0.5.
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Figure 2. Comparison results between the approximate
analysis and the numerical solution for ρ. Top: the re-
sult of ρ when ǫ=0.25 and ǫ=0.5. The solid line is for
numerical solution when ǫ=0.25, The dashed line stands
for analysis solution when ǫ=0.25. The dash-dotted line is
for numerical solution when ǫ=0.5. The dotted line is for
analysis solution when ǫ=0.5.Bottom: The relative errors
(| ∆ρ
ρnum
|=| ρnum−ρapp
ρnum
|) for different ǫ. ρnum is the nu-
merical solution. ρapp is the the approximate analysis. The
solid line correspond to ǫ=0.25, the dashed line is for ǫ=0.5.
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2.2 Case II
In the previous case, there don’t exit the solution that
satisfy the boundary conditions
F = 0, α ≈ 0 at r = 0
α ≈ −2 at r =∞. (23)
To test this kind of solution, firstly use the second iteration
formula N2, and assume that
N = −F + (γF + ǫF ′x + κF ′′xx)F + η(F ′x)2. (24)
This lead to the following approximate equation
2κU ′′xx + (2ǫ− 4κ+ 8κU + 4ηU)U ′x
+ (4γ − 4ǫ − 3)U + 4(ǫ− κ− η)U2 + 4(κ+ η)U3
+ 5− 4γ = 0.
(25)
where U =M ′x. This equation is Lienard-type. This above
equation don’t have the solution that is satisfied with the
following equation
U,x = a2U
2 + a1U + a0, (a2 > 0), (26)
where a0, a1 and a2 are constant. But when γ =
5
4
, 2κ =
ǫ = −η and κ→∞, the Equation (25) becomes
U
′′
xx − 4U + 6U2 − 2U3 = 0. (27)
One of solution is[13, 14]
U = 1− tanh (x− x0) (28)
where x0 is a constant. This solution can satisfy the above
boundary conditions. It tell us that the first-order terms
can’t be neglected. So assume that
N = −F − ζ(F + F ′x) + (1 + ǫ)F 2 + ǫF ′xF (29)
where ζ is a very small positive constant[9, 10]. This as-
sumption lead to the following equation of state (EOS)
p ≈ ζρ+ 2ǫV 2rotρ (30)
The Equation(29) can lead to the following approximate
equation:
(2ǫH − 1)H ′′xx + (1 +H)H ′x + 2ǫ(H ′x)2
+ 2H + (1− 4ǫ)H2 = 0.
(31)
Where H = F
2ζ
. When |F | ≪ ζ, this case lead to the fol-
lowing approximate equation
F
′′
xx − F ′x − 2F = 0. (32)
Then its solution is
F = − b
r
− ( r
r0
)2 (33)
where b and r0 are constant. This solution can include a
black hole and a constant-density core. When ζ ≪ |F | ≪
1, ǫ ≥ 1
4
and F ′x = χF , this lead to
χ =
4ǫ − 1
4ǫ
or α = −4ǫ + 1
4ǫ
. (34)
Because it is hard to get the analytical solution of Equa-
tion(4) and Equation(29), so the numerical solutions are
necessary. The initial condition is F = −( r
r0
)2. Then the
power index α for the numerical solutions are showed in
Fig. 3. The observed data are also showed. The observed
LSB sample involves 48 galaxies, which are from de Blok
et al. (2001)[2]. These numerical models can perfect re-
sponse the observed result. The pseudo-isothermal halo
model is also showed by the dash-dotted line in Fig. 3.
The numerical solution with ǫ = 0.15 is nearly same with
the pseudo-isothermal halo model.
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Figure 3. Comparison results between the numerical pro-
file in Equation (29) and the pseudo-isothermal profile. The
solid line, the dashed line and the dotted line represent the
numerical model with ζ = 10−6 and ǫ = 0.5, 0.25, 0.15
respectively. The dash-dotted lines is for the pseudo-
isothermal model with core radius of 1.0 kpc. Filled circles
are the observed data of the slope α, which are from the de
Blok et al. (2001)[2] sample.
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Figure 4. Observed LSB galaxy rotation curves with the
best-fitting dark matter model. The solid line, the dashed
line and the dotted line represent the numerical model with
ǫ = 0.5, 0.25, 0.15 respectively.
Table 1. The Best-fit parameters.
Galaxy
√
ζ/2 χ2ν
√
ζ/2 χ2ν
√
ζ/2 χ2ν
(km/s) (km/s) (km/s)
ǫ = 0.15 ǫ = 0.25 ǫ = 0.5
F563-1 41.1± 1.7 0.54 37.5± 2.5 0.72 31.4± 5.4 1.08
F568-3 52.1± 4.4 1.28 54.4± 5.3 1.35 60.5± 7.4 1.47
F583-1 34.7± 1.3 0.48 34.5± 1.6 0.57 34.8± 2.7 0.80
F583-4 26.0± 1.4 0.67 24.5± 1.7 0.59 21.8± 2.6 0.52
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The rotation velocity Vrot is approximately equal to√
−F
2
when |F | ≪ 1 and ζ ≪ 1. The numerical solutions
with ǫ = 0.5, 0.25, 0.15 are used in fitting the observed
rotation curves. r0 and ζ are adjustable parameters. The
observed rotation curves of LSB galaxies are from Kuzio
de Naray et al. (2006, 2008, 2010)[15, 16, 17]. The data
are fitted by using the least-squares method. The fitting
results are showed in Fig. 4. The best fit parameter ζ and
the reduced chi-square value χ2ν are listed in Table 1, and
ζ is expressed in SI units.
If ǫ = 0, because |F | increases with radius as showed
in the initial condition, and the term F 2 reduces it, hence
F ′x = 0 at r =∞[9] (also see Fig. 5). Finally this conditions
lead to F ≈ −4ζ at r = ∞, i.e. the bigger ζ lead to the
bigger rotate velocity. If ζ is proportional to the square of
velocity dispersion at galaxy center, the LSB galaxies with
bigger velocity dispersion at galaxy center should have big-
ger the peak rotation speed (Vmax). This phenomenon has
been reported[18]. The velocity dispersion at galaxy center
is far less than speed of light in Table 1. It indicates dark
matter is cold. The bigger ǫ can also lead to bigger Vmax.
At very outmost region, if ρ drops rapidly, the term ζρ may
vanish and ǫ may become small.
−4 −2 0 2 4
log(r/kpc))
−0.5
0.0
0.5
1.0
1.5
2.0
U
Figure 5. The solid line represents U for the numerical
model with ζ = 10−6 and ǫ = 0.
3 Conclusions
In this paper we study EOS of dark matter which treat
as a perfect fluid. When EOS is independent of the scaling
transformation, it doesn’t obviously contained x. Because
the rotation velocity is far less than the speed of light, i.e.
F is very small, we use the Taylor expansion to represent
EOS approximately. Its first order terms can get that the
pressure is proportional to density. Its second order terms
can naturally yield that random motions of dark matter are
correlation to the particle rotational motions. Finally, we
get a simplest EOS, i.e. p = ζρ+ 2ǫV 2rotρ.
The term ζρ can lead to a constant-density core. The
constant-density central core can exit in the region with
|F | ≪ ζ. The second order terms in the Taylor expansion
can lead to there exits a transition zone between density
core and outer region for power index α when density is
characterized by power law relation. So it can obtain a
density profile which is similar to the pseudo-isothermal
halo model when ǫ is around 0.15. By means of the classi-
cal least chi square methodology, this profile can perfectly
fit the observed rotation curves of LSB galaxies.
When ζ = 0, the term ǫV 2rotρ can get a power law density
beyond the region which include a black hole and of which
mass is
√
2 times the black hole mass. The power index α
is − 1+4ǫ
4ǫ
. When ζ > 0 and ǫ is big, this power law density
with α = − 4ǫ+1
4ǫ
also exit in the very outer region. If ζ is
proportional to the square of velocity dispersion at galaxy
center, then the LSB galaxies with bigger velocity disper-
sion at galaxy center should have bigger the peak rotation
speed.
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